We report the OPE-based predictions for a number of lepton energy and hadronic mass moments in the inclusive semileptonic B → X c ℓν decays with a lower cut on the charged lepton energy. We rely on the direct OPE approach where no expansion in the charm mass is employed and the theoretical input is a limited set of underlying OPE parameters including m b and m c . A Wilsonian treatment with a 'hard' cutoff is applied using running low-scale masses m Q (µ) and kinetic expectation value µ 2 π (µ). This leaves for perturbative corrections only genuinely short-distance effects and makes them numerically small. Predictions are also given for the modified hadronic moments of the kinematic variable N 2 X which is a combination of M 2 X and E X . Measurement of such moments would allow a more reliable extraction of higher-order nonperturbative heavy quark parameters from experiment.
Introduction and motivation
The heavy quark expansion based on the local Operator Product Expansion (OPE) [1] [2] [3] allows to accurately calculate sufficiently inclusive decay probabilities, incorporating bound-state and hadronization effects in terms of a limited number of physical heavy quark parameters (for details, see the review [4] ). Inclusive B decay distributions -in particular those related to b → c ℓν transitions -represent a portal to a precise determination of these parameters [5, 6] , and lepton energy moments and moments of hadronic mass and/or energy are among the most interesting quantities. The main ingredients for their computations have been around for some time (see [2, [7] [8] [9] [10] [11] [12] [13] ). Several numerical applications can be found in the literature, for moments with or without cuts on the charged lepton energy (see [14] [15] [16] and references therein) often dictated by the reality of experimental measurements. The present study differs from and complements previous reports in a number of aspects.
First, we make use of the robust approach advocated in [17, 18] ; in particular, we do not invoke an expansion in 1/m c which has plagued the reliability of many earlier applications of the heavy quark expansion. Moreover, in our approach only the heavy quark parameters relevant to inclusive decay rates are invoked. This reduces the number of new objects appearing at order 1/m 3 Q from six to two and eliminates poorly known non-local correlators. An extended set of experimental moments allows to constrain all relevant parameters provided model-independent bounds [19] are incorporated.
We also rely on heavy quark parameters which are renormalized a la Wilson and depend explicitly on a 'hard' normalization scale µ which we set equal to 1 GeV. Primarily, this refers to the heavy quark masses m b (µ) and m c (µ) and to the kinetic expectation value µ 2 π (µ). On the theoretical side, this is necessary both to meaningfully assign them definite values and to apply exact heavy quark inequalities. On the practical side this renders perturbative corrections well-behaved and moderate in size. Absence of large higher order corrections is crucial for a meaningful extraction of the nonperturbative parameters.
The direct use of the underlying set of heavy quark parameters reveals what a particular moment is actually measuring or constraining, and simplifies considerably the task of estimating the theoretical accuracy, often the subject of controversial claims [20] . It is worth reminding [6] in this respect that the inclusive decays cannot depend on non-local correlators often appearing in other applications of the heavy quark expansion, and there is no way to constrain them directly studying only inclusive B decays.
The important motivation behind the present study is to make available a code for evaluating the various distributions, which is not bound to specific technical assumptions, for instance the use of meson mass relations, and is flexible enough to allow a meaningful investigation of the theoretical uncertainty using different options (see Section 3). The detailed analytic expressions will be given in Ref. [21] , while here we limit ourselves with presenting easy numerical recipes and a discussion of the main points.
Finally, we present here predictions for the modified higher hadronic moments with a charged lepton energy cut, which can be measured in the experimental setup of the B factories. They will allow to pinpoint higher-order nonperturbative expectation values utilizing a 'hard' separation between short-and long-distance effects they are numerically quite small. (For instance, it follows from the tables in the Appendix that including perturbative corrections in M 2 X has the same impact as decreasing m b by 15 MeV, or as decreasing µ 2 π by 0.02 GeV
) Therefore we evaluate hadronic moments to the first order in α s using the value α s = 0.3 (average gluon virtuality in B decays is lower than m b ). Moreover, in the present paper we evaluated perturbative shifts in the hadronic moments neglecting the cut on the lepton energy. This seems to be a legitimate approximation since at E cut = 0 they are small and do not exceed the expected accuracy, which is limited by other neglected effects. This element will be improved in Ref. [21] .
Unlike the case of lepton moments, for power-suppressed terms we do not use the expanded form of the ratios that form the moments, nor drop any power-like terms generated by µ In this note we present our numerical results in a simplified form, using the following reference values of the parameters
and providing the coefficients for the linear extrapolation in these values from this base point. Such linearized extrapolations appear sufficiently accurate for reasonable values of the parameters. The tables summarizing our results are given in the Appendix. Yet this is no more than the simplest compact way of communicating our results (for instance, we drew plots using the complete expressions rather than interpolations). The numerical evaluations for other central values, more accurate interpolating tables, or compact Mathematica or FORTRAN programs evaluating them are available upon request, and will be provided with Ref. [21] . Measured in experiment are also non-integer moments of M 2 X , most notably M X and M 3 X [23]. They do not arise naturally in the 1/m b expansion, as illustrated by the limit m c → 0 which is analogous to the decay B → X s +γ; fractional photon energy moments are not given there by the expectation values of local heavy quark operators. For B → X c ℓν, the OPE would involve an expansion in 1/m c , as can also be seen from
for integer moments with ν = 2n the sum contains only terms through k = n and stops before M 2 X enters the denominator. 4 Terms O(α sΛ ′k ) with k > 0 have not been included in the third hadronic moment.
Having computed three first (integer) hadronic moments, we truncated the sum in Eq. (6) after k = 3. Although incomplete, at the actual value of the charm mass this truncated expansion appears a sufficiently good numerical approximation for ν = 1 and ν = 3; the omitted terms seem significantly below the actual theoretical accuracy in evaluating the integer moments involved.
In fact, M 2 X contains the dominant term 2Λ ′ e x as well as the perturbative bremsstrahlung contribution, and both effects can be computed explicitly for arbitrary ν without truncating the series in Eq. (6) . The numerical impact of this resummation turns out totally negligible numerically. Moreover, while the term 2Λ
′ e x dominates M 2 X , it is subdominant in the higher moments with respect to M 
For illustration we give a few plots showing dependence of the hadronic mass moments on the lepton energy cut, at the central values of heavy quark parameters. Fig. 1 depicts
X moments are shown in Fig. 3 where we actually plot the corresponding powers of the moments having dimension of mass, for ν = 1, 2, 3, 4, 5 and 6. It shows that the full moments are by far dominated by the average invariant mass, with relatively small differences.
As the semileptonic decay rate is well measured only above certain energy E ℓ , the OPE predictions for the decay fraction
are helpful to reconstruct the overall b → c ℓν rate. Since the fraction of events cut out is small and they belong to the domain of low E ℓ which is theoretically most robust, the predictions for R * are expected to be quite reliable. 
Discussion
In the present paper we provide numerical expressions for the local OPE predictions of the charged lepton energy and hadronic mass moments with a lower cut on lepton energy. Two major aspects of our analysis have already been emphasized. First, no 1/m c expansion is involved at any stage, and the c quark mass can more or less be arbitrary, large or small within the same formalism. The second aspect is that we rely on well-defined running quark masses and µ 2 π normalized at the scale 1 GeV. (The scheme is often referred to as 'kinetic', however this name is elucidating only when applied to quark masses.) The advantages of this approach are well known, and can be readily seen from the applications presented here.
A quick comparison [24] with recent data [25] [26] [27] from DELPHI, BaBar and CLEO suggests agreement between this implementation of the OPE and experiment, with preferred values of the heavy quark parameters in the range expected theoretically. (Our estimates show that the expectations for two moments of the photon energy spectrum appear to fit the values reported by CLEO [28] once the 'exponential' effects discussed in Ref. [24] are adjusted for.) The dependence of the first and second hadronic mass squared moments on the lepton energy cut seems to be in a qualitative agreement with the preliminary data reported by BaBar and CLEO [26, 27] . The dedicated data analysis including possible fits to the predictions should, in our opinion be left for experiment, and we did not attempt this.
Once the heavy quark parameters are extracted from data, one can readily determine, for example, |V cb | from the measured semileptonic b → c decay width [18] :
It should be recalled, however, that ρ 
The results we provide in the Appendix can be improved in several ways. The relevance of the improvements is essentially determined by the state of experiment. A more complete calculation of perturbative corrections in hadronic moments fully incorporating cuts in the lepton energy is the first on the list. All-order BLM resummation can be implemented in both lepton and hadron moments. There are ways to partially incorporate non-BLM second-order corrections without performing extensive new calculations. All these improvements in the perturbative corrections are not expected to essentially modify the final result in the Wilsonian scheme (see, e.g. the dedicated analysis of Γ sl in Ref. [18] ). Yet having them incorporated would add confidence in the present estimates and may allow to reduce the theoretical uncertainty.
A probe of the significance of second-and higher-order non-BLM corrections is already available by varying the normalization scale µ used for quark masses and µ 
where M denotes the scale used for normalizing α s . In fact, in the future we will also explicitly adopt the Wilsonian ρ 
the normalization point -or even the scheme itself -can be different for m c and m b .
It should be emphasized that we have quoted in the Appendix what literally emerges from our OPE expressions, regardless of whether the cut on E ℓ is mild or severe. However, if the cut is high, the effective hardness of the inclusive process degrades and the accuracy deteriorates. As has been argued [20, 24] , the truncated expressions of practical OPE may not fully reflect this, while the so-called 'exponential' effects may become significant when E cut exceeds 1.3 to 1.5 GeV. The same reservation applies to the above simplified way to estimate theoretical accuracy -it largely leaves out this aspect. The additional cut-related theory errors are possibly insignificant below 1.35 GeV; they may not dominate even at E cut = 1.5 GeV -yet this cannot be confidently derived from theory a priori. The safest way to tackle them is to use as low E cut as possible, not larger than 1.2 GeV.
A potential source of additional nonperturbative corrections are the so-called 'intrinsic charm', or IC contributions in the OPE, associated with non-vanishing expectation values of four-quark operators with charm fieldsbΓccΓb. No allowance is presently reserved for them. It has been noted in Ref. [18] that their effect can mimic to some extent the contribution of the Darwin operator. We think therefore that at the moment theoretical constraints on ρ 3 D should be used cautiously in the context of fits based on the OPE without possible IC contributions.
There are some conclusions we draw from our analysis. The moments under consideration seem to reliably (over)constrain a certain combination of the two heavy quark masses, approximately m b −0.6m c ; the sensitivity to the individual masses is not high and they are subject to larger theoretical uncertainties.
The moments are only weakly sensitive to the spin-orbit expectation value ρ 3 LS , so it cannot be extracted from the data. On the other hand, ρ 3 LS is reasonably constrained by a number of exact heavy quark sum rules which place model-independent bounds. Once they are taken into account, the associated uncertainty in the moments appears by far subdominant. Therefore, ρ Obtaining informative model-independent constraints on higher-dimension heavy quark parameters requires measurement of higher hadronic moments, at least the second and desirably the third one. Since these higher moments -when considered with respect to the average -depend strongly on higher-dimension expectation values, even a rough measurement of the variance and of the asymmetry parameter would yield precious information. One should be warned, however, that the theoretical accuracy one can realistically achieve for the higher moments of M 2 X is limited, especially in the case of the third moment. On the other hand, the modified higher hadronic moments (
are better in this respect and more suitable to this purpose. We encourage experiments to pay closer attention to such combinations of M 2 X and E X moments. The actual assessment of the theoretical error in the calculation of the moments is a very subtle issue. We cannot do without mentioning a few important aspects.
First, there are strong correlations among theoretical uncertainties. After all, everything inclusive we compute is expressed in terms of only three structure functions which have physical properties like positivity, regardless of any dynamics. Because of these correlations, one should distinguish between the overall consistency of the fits to the various moments in the context of our formalism, and the concrete prediction for a certain moment. There are common uncertainties, like a systematic bias in m b or µ 2 G , that would simply shift the fitted value of m b or µ 2 G , but would not degrade the quality of the global fit, nor would they alter significantly the E cut -dependence [20] . At the same time, these uncertainties could still noticeably affect the numerical value of a particular moment.
On the other hand, there are uncertainties that affect each moment in a different way, for instance, unknown perturbative corrections to the Wilson coefficients of the nonperturbative operators, which are in principle different for every moment, and also depend on E cut . Therefore, simply varying the values of the heavy quark parameters uniformly in all observables may not represent realistically the uncertainty of the theoretical expressions, and an intermediate procedure may be required.
Having mentioned these complications of the theory error analysis, we would like to make a few suggestions that can be inferred from our study. For sufficiently low cut on E ℓ a reasonable starting point is to estimate the theoretical accuracy in the moments just varying the values of the heavy quark parameters they depend upon in the ranges we have mentioned above Eq. (9). For higher moments, however, this should be applied to the moments with respect to average; the ordinary moments (around zero) would in this way exhibit strong theory error correlations. Clearly, allowance should be made for additional uncertainty once the cut is raised beyond 1.35 GeV.
In summary, we have seen that consistency checks between theory and emerging data should rely on robust theoretical elements, with additional assumptions reduced to minimum. Once agreement with theory is confirmed, and the domain and degree of applicability is verified experimentally (e.g., the safe interval for lepton cut), one can and should implement into the fit of data all the model-independent relations and bounds follow-ing from heavy quark sum rules. These are exact relations derived in QCD, and they are indispensable for a precision determination of the heavy quark parameters and for a stringent test of our theoretical tools.
V represent the reference values obtained for the heavy quark parameters in Eq. (5). They have dimension of the moment M itself and the quoted number is in GeV to the corresponding power. The values of all the coefficients B to S are likewise in the proper power of GeV (the same power for S, one power less for B and C, two powers less for P and G, three powers less for D and L). Values of E cut are shown in GeV as well. All the moments are given without cut on E ℓ (i.e. E cut = 0) and for E cut = 0.6 GeV, E cut = 0.9 GeV, E cut = 1.2 GeV and E cut = 1.5 GeV. Fraction ratios R * are tabulated for E cut = 0.3 GeV, E cut = 0.6 GeV and E cut = 0.9 GeV. Table 1 . First moment of the lepton energy Table 2 . Second moment of the lepton energy with respect to average, Table 3 . Third moment of the lepton energy with respect to average, Table 4 . Fraction of the decay rate R * with E ℓ exceeding a threshold value 
A.1 Lepton energy moments
E ℓ . E cut V B C P D G L S(E ℓ − E ℓ ) 2 E cut V B C P D G L S 0(E ℓ − E ℓ ) 3 E cut V B C P D G L 100·S 0 −E cut E cut V B C P D G L 100·S
A.2 Hadron invariant mass moments
Since the moments related to hadronic invariant mass and hadronic energy are presently calculated using only O(α s ) perturbative corrections, we have employed α s = 0.3, which can equivalently be represented as −.06 . Switching off perturbative corrections, α s = 0, numerically amounts to subtracting 0.16 S from a moment.
As seen from the tables, the dependence on the precise value of α s is moderate and the corresponding uncertainty is subdominant; this is an advantage of using the Wilsonian scheme. Table 6 . Second invariant mass moment with respect to average, (M 2 0.05 −0.34 Table 7 . Third invariant mass moment with respect to average, (M 2 Table 9 . Second modified hadronic moment with respect to average (N 2 Tables 11 and 12 give predictions for non-integer moments M X and M 3 X ; they are evaluated using Eq. (6) truncated after k = 3. Table 11 . Below we give the tables for the higher integer hadronic moments (for mass squared and modified) with respect to a fixed mass. 
